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ABSTRACT

It is shown that the set of boundary points of a convex body at which there are
no interior tangent balls of positive radius has zero surface area.

In connexion with a problem concerning Minkowski decomposition of
convex sets, Sallee [3] has asked the following question. Let K be a convex
body (compact convex set with non-empty interior) in E¢, and let B(x,p)
denote the ball with centre x and radius p. If y €bdK, let

p(y)=sup{p = 0|y € B(x,p) C K, for some x},
and for each € = 0, let
K(e)={y €bdK [p(y)=€}.

Is it true that K(0) has zero surface area? We shall answer this question in the
affirmative.

We approach the question by means of the inner parallel bodies of K. If
p >0, the inner parailel body K_, of K is defined to be

K-, ={x €E‘|B(x,p)CK}.

Thus, if y €bdK,p(y) >0 if and only if, for some p >0, there is an x € bdK_,
such that y € B(x,p). If h(K,u) (where u is a unit vector) is the support
function of K, we see that

K., ={x€E"|(x,u)=h(K,u)-p, for all u)}.

In particular, if x €bdK ,, there is a y € bdK such that y € B(x,p) and a unit
vector u such that
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<X,|l>= h(K—m u)= h(K, “)"P = (Yv u)—p'

It follows that x is the image of y under the nearest point map N, ; that is,
yN, =x is the nearest point of K_, to y. We note [2, sec. 1.4] that the
hyperplane through x with normal y —x supports K _,.

The points x EbdK_, fall into two classes, consisting of the regular and
singular points. If x is a regular point, there is a unique support hyperplane to
K_, at x; the corresponding point y € bdK is then unique. If x is a singular
point, there is more than one such support hyperplane, and so there may be
more than one corresponding point y. (There will actually be more than one
point y, but we shall not need this fact.)

Anderson-Klee [1] have shown that the set of singular points on the boundary
of a convex body in E“ has o-finite (d — 2)-measure; in particular, it has zero
surface area. That is, the set of regular points of bdK_, has surface area
S(bdK ,) (or S(K_,), for brevity), the surface area of K ,. Since the nearest
point map N, is distance decreasing ([2, §1.4]), it follows that

S(MbdK \ K(p)z= S(K_,).

Now, if K_, # J (which is true for all small enough p), there exists o > 0, such
that

K c(K-), =K, + B(0,0),

and o — 0 as p — 0. We then have
S(K)=S(K-),)=S(K-,)+O(0).
Hence

S(K(p)) = S(K)— S(bdK \ K(p))=S(K-,)+O(0) — S(K ;) = O(0).

In other words, S(K(0)) =0, as we wished to show.

In view of the proof, it is natural to ask whether K (0), too, must have o -finite
(d —2)-measure. However, this is not so; Professor C. A. Rogers has suggested
the following counterexample K in E’ (where o-finite is equivalent to
countable), for which K(0) is a Cantor set. K is the convex hull of a Cantor set
C on the unit circle; in constructing C by the usual process of successively
deleting open intervals in the middle of each closed interval, we choose that, at
the n-th stage of the construction, the ratio of the deleted interval to the whole
interval shall be 1 —n~'. Then K(0)=C will be uncountable. Taking the
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cartesian product of K with a unit (d — 2)—cube (if d = 3) gives us a counterex-
ample in higher dimensions.
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